We prove a criterion of perfect balance for sliding superposition of functions over an arbitrary finite alphabet. We also give examples of applying this result to the construction of perfectly balanced functions that are not permutations with respect to the first and to the last variable.
Discrete functions
Let be a finite set of symbols (alphabet) of cardinality , ≥ 2. Let be an arbitrary natural number. Suppose ( 1 , . . . , ) ∈ F , , . Then the variables 1 is the first and is the last variable of . The function ( 1 , 2 , . . . , ) is permutable in a variable (i.e. a permutation with respect to ), 1 ≤ ≤ , if for any tuple = ( 1 , . . . , −1 , +1 , . . . , ) ∈ −1 the function ( ) = ( 1 , . . . , −1 , , +1 , . . . , )
is a permutation of elements of the alphabet .
Suppose that ∈ F ,1, , ∈ ℕ. Then denotes the function from F + −1, , defined by the equality ( 1 , . . . , + −1 ) = ( ( 1 , . . . , ), ( 2 , . . . , +1 ), . . . , ( , . . . , + −1 )).
(1) The cardinality of an arbitrary finite set is denoted by # . The complete preimage of a set ⊂ under a function : → is denoted by −1 ( ) = { ∈ : ( ) ∈ }.
Perfectly balanced functions
The property of perfect balance was initially actively studied for the case of Boolean functions ( = 2). In this case a number of properties of perfectly balanced functions (also called strongly equiprobable functions) were established, and it was proved that perfect balancedness is equivalent to the property of having zero defect (no bans) or not losing information. In detail some results and bibliography on this topic can be found in [2] . 
Shift-composition of perfectly balanced functions
Some transformations of Boolean functions that preserve perfect balance were considered in [1] . Analogues of these transformations for the case of an arbitrary finite alphabet can be defined in the following way.
Suppose that is a finite alphabet with a group operation, i.e. = ( , +) is a finite group of order . Consider the following transformations on the set F ,1, :
3 :
It is easy to see that the transformations (2) possess the following property: the class of functions from F ,1, that are permutable in the first or in the last variable is invariant with respect to these transformations (see Example 1) . Hence transformations of the form (2) are unsuitable for generation of wide classes of perfectly balanced functions using the functions from Example 1.
For arbitrary ∈ F ,1, , ∈ F ,1, define the operation
The relation (3) shows that the operation "◁" is a particular case of superposition of functions was called by shift-composition (see [4] ) of the functions and . The following assertion holds. Proof. Suppose that ∈ F ,1, and ∈ F ,1, are perfectly balanced, is an arbitrary natural number. Then for any tuple ∈ it holds that # −1 ( ) = −1 , and for any tuple ∈ −1 ( ) ⊆ 
where components of not marked by an asterisk are arbitrary. Then # , = ( −1 ) , = 1, 2, . . . For an arbitrary ∈ , such that
Let denote the average number of tuples from the set
tuple from the set , . Hence Consider a number of examples of applying Theorem 2 to synthesis of perfectly balanced functions that are not permutable in the first and in the last variable (though essentially depend on these variables) over an arbitrary primary alphabet, i.e. = 0 and 0 is prime. We will use Galois fields as alphabets.
Example 2 ([3]
). Suppose that = F 2 ("⊕" and "⋅" are addition and multiplication modulo 2). Consider a pair of perfectly balanced functions
is a perfectly balanced function that is not linear in the first and in the last variable.
Example 3. Suppose that = F 3 ("+" and "⋅" are addition and multiplication modulo 3). Consider a pair of perfectly balanced functions is a perfectly balanced function from F 5,1,3 that essentially depends on all variables. It can be directly verified that the function ℎ is not permutable in the first and in the last variable.
Example 4. Suppose that
= F is an arbitrary finite field consisting of > 3 elements ("+" and "⋅" are addition and multiplication in F ). Consider a pair of perfectly balanced functions
is a perfectly balanced function from F 3,1, that essentially depends on all variables. It can be directly verified that the function ℎ is not permutable in the first and in the last variable.
Example 5. Suppose that = F is an arbitrary finite field consisting of elements ("+" and "⋅" are addition and multiplication in F ). Consider a natural number ≥ 3 and define the set of functions from F ,1, of the following form:
It is obvious that #C ,1, = −2
. Let a function from F ,1, ( ≥ 3) essentially depend on all its variables, be perfectly balanced and be not permutable in the first and in the last variable. Define the set of functions from F + −1,1, using "shift-composition" operation:
It can be directly verified that functions from D + −1,1, ( ) essentially depend on the first and the last variable but are not permutable in these variables. Since is perfectly balanced, in case when
. The function can be synthesized using constructions presented in Examples 1 -4. ∈ , 11 ̸ = 0}.
Let a function from F ,1, ( ≥ 3) essentially depend on all its variables, be perfectly balanced and be not permutable in the first and in the last variable, and the function ( 1 , . . . , )⋅ ( 1 , . . . , ) is not permutable in the first variable. Define the set of functions from F + ,1, using "shift-composition" operation:
E + ,1, ( ) = { ◁ : ∈ Q +1,1, }.
It can be directly verified that functions from E + ,1, essentially depend on the first variable 1 and the last variable + and are not permutable in these variables. It is obvious (similarly to Example 5) that if 1 ̸ = 2 ( 1 , 2 ∈ Q +1,1, ) then 1 ◁ ̸ = 2 ◁ . Thus #E + ,1, = ( 2 )+ −1 ( − 1).
"Shift-composition" operation allows to use various algebraic and combinatorial constructions to synthesize perfectly balanced functions.
